1. Introduction. In this paper certain inversion formulas are obtained for the Laplace transform. The case of a periodic determining function is first treated and some conclusions are reached about such functions when their transforms vanish at points in an arithmetical progression on a vertical line. This yields a contrast with Lerch's theorem. Later an inversion formula is derived for the more general case when the determining function is not assumed to be periodic but does have a finite abscissa of absolute convergence.
Let F(q) be a real function of the real variable q whose Laplace transform, f(x+iy) =u(x, y)+iv(x, y), is convergent for x>c. Then If the transform of F(q) is known, then (1) give the real transforms of F(q) cos yq and F(q) sin yq. Define <b(x, t) =j*\>F{q)e-xqdq for t>0 and <b(x, 0) =0. Then (b(x, t) is a continuous function of t for t = 0.
2. Heuristic treatment of the periodic case. Let F(g) be periodic with the period 2k. Then for x > 0 . 2* (1 -e-"*)f(x) = f F(q)e-**dq, J e e (2)
(1 -e~2kx)u{x, -J = J F(q) cos -e-**dq, (nir\ r2k nwq
x, -J = -J F(q) sin -er^dq. Thus if the function <p(x, t) satisfies any set of conditions which ensure the convergence of its Fourier series and its representation by this series, then we would formally obtain for x>0 and 0<t<2k the following inversion formula f 'F(q)e-*°dq = /(*) + -(1-<r2**)/'(*) Call H=f{x) + (\/2k) (l-e-2**)/'(x). By use of (2) it is seen that l ~ /•" l r K = -2Z\ F(q)e-*«dq-\:
sin-sin-k ft J with x>0 and 0<t<2k.
Now the series £"-1 (I/»71") sin (nirB/k) is uniformly convergent to (l/2ft)(ft-0) for O<0<2ft and is boundedly convergent in 0^0 = 2k. In fact the partial sums are less than or equal to l/V + 1/2 for all » and all 0. Hence inversion of summation and integration is valid. This is true when the factor F(q)e~xq is integrable but not necessarily bounded. If we write K as
it is seen that the first sum on the right is g/2ft, 0<g</<2ft, while the second sum is (l/2ft) (2ft-g), 0</<2<2ft. Hence
Thus iT-f-ÜC = f0'F(q)e-*9dq. Hence we have proved:
Theorem I. Let F(q) have a Laplace transform given by f(x+iy) = u(x, y)+iv(x, y). Let F(q) have the period 2k. Then for x>0 and 0<t<2k, the inversion formula (3) is true.
The formula (3) can be written
This expression is obtained formally by differentiating the right side of (3) with respect to t. Let F(q) be of period 2k. Then by use of (2) it can be seen that W is the Fourier series of the function given by G{t)=F{t)e~xt, 0<t<2k, G(t+2k)=G(t). We thus have:
Theorem II. Let F{q) have a Laplace transform given by f(x+iy) = u(x, y)+iv(x, y). Let it have the period 2k. If the function F{t)e~xt, x>Q, 0<t<2k, satisfies any set of conditions which ensure the convergence of its Fourier series to the function, then the following inversion formula is true:
is of bounded variation in the neighborhood of the point t, then the F(f) on the left of the formula represents (F(£+0)
then it is easy to see that an inversion formula similar to (4) exists, since (4) exists for each of Fi and F2. For Fi and F2 have individually the period 2k if 2k is real.
If F(t) is a nonperiodic function which is zero for t > to, then an inversion formula similar to (4) exists. The modifications are to suppress the factor 1 -e-2*1 and replace 2k by t0.
5. Some properties of the periodic case. Let F(t) be real and have the real period 2k. Let its transform for some x>0 vanish at the points x+inir/k (n = l, 2, 3, • • • ) of a vertical line. Then u{x, nir/k) and v(x, nir/k) are zero and it is seen by (3a) that 1 (5) F(<) = -(1 -er2kx)f(x)exl, 0 < t < 2k.
2k
For a given transform/(x-f-iy) this is the unique real periodic function. Of course a periodic function of period 2k of the form G(x)ext, Q<t<2k, where G is arbitrary would have a transform which vanishes at the same set of points. Since u(x, y) and v(x, y) are respectively even and odd functions of y the transform would also vanish at the points where n is a negative integer of the same vertical line.
If in addition the transform vanishes at the point x on the real axis then it is seen that F(t) = 0. Hence:
Theorem.
A necessary and sufficient condition that the periodic function F(t) of period 2k be null is that its transform vanish at the points x+inir/k (w = 0, 1, 2, • • • ) of a vertical line.
This theorem is true when F is complex, as can be seen at once when the inversion formula for this case is set up as described in the previpus section. 6. Proof of an inversion formula for the general case. Let F(q) have a Laplace transform which is absolutely convergent for x>c. It is of interest to see that the foregoing results lead to an inversion formula for this case where F is not assumed periodic. The formula has a form similar to that of the periodic case. The fact that H+K in §3 is independent of k leads us quite naturally to a consideration of the expression W, defined below, as k-► oo. For a fixed positive t and for x > c set up the following expression in which k has any value for which 0</<2ft, W = E™ LvT) cost + UV-tvsin tJ = £ -I F(?)e-*« sin ---dq.
n-l KIT Jo k Decompose the integral into three integrals: W\ from 0 to /, Wi from t to 2k, and 14^3 from 2k to °o, so that W = £ -(Wx + Wt + Wz).
From the discussion in §3 we see that £ -Wi --CtF{q)e-**{k -t 4-q)dq,
Hence as k-* °° the limits of these are 1 r* -i r°°-I F{q)e-X"dq and -I F(q)e-xqdq 2 J o 2 J t respectively. We now show that limt.so£^_1l/«'7rI473=0. In the subinterval (2k, 2k+t) we have 0<2k-t <q-t<2k, while in (2mk+t, 2mk + 2k+t) we have 2mk<q-t <2mk + 2k. Now
In each subinterval the series involved is boundedly convergent and uniformly convergent in any closed interval within the integration limits. Hence the operations of summation and integration are cornmutable. It is seen then that 00 I l y.00 \ p. 2t+l
£ -Wt = -(t -q)F(q)e-*«dq + -F(q)e-*°dq n-l tlT 2k J 21 2 J a + -£ (2m + 1) I F(q)e-**dq. er'/2. Hence ft0F(q)dq = \-e-t and F(t)=e~t. In the proof of the above theorem the following hypotheses suffice for its truth: (i) F is real and integrable, / = 0. (It is not assumed bounded.) (ii) JoFe~"dt is absolutely convergent, Real s=x>c. Hence with no implication that the transform is analytic it follows from (6) that if the transform vanishes on a vertical line in the halfplane Real 5 > c then F is null and the transform is identically zero.
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